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The refraction of a localized narrow beam is significantly different from that of a plane
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wave. As the beam width decreases to be in the order of the wavelength, the refraction
behavior deviates noticeably from Snel’s law, and when the width of a light beam is
smaller than about one fifth of the wavelength of the incident light, finite-difference
time-domain simulations demonstrate that refraction becomes negligible. That is, the

narrow light beam retains its propagation direction even after entering another medium
at an oblique angle. The result reveals novel features of nano-beams and may have
applications in precise biomedical measurement or micro optical device.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Light refraction is one of the most commonly observed
optical phenomena. When light wave is transmitted from
one optical medium into another at an oblique angle, its
direction of propagation changes. If the light is a wide
plane wave incident on a relatively large and flat interface
of two different isotropic media, the change of wave
direction is well described by Snel’s law. Snel’s Law of
refraction is one of the oldest fundamental laws of optics
[1] used in virtually all engineering applications where
refraction exists, such as in designing lenses and filters,
fiber optics for telecommunications, and increasing
detector efficiencies. It has recently been discovered that
light interacting with matter having nano-scale structures
behaves differently than what we have grown accustomed
to with micro-scale structures [2]. It is expected to find
analogous, unexpected results without the nano-struc-
tures by simply confining light to narrow regions.

With the advent of microscopic lasers that can reach the
diffraction limit [3-7], a new area of optical physics has
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emerged. Recently, Nakayama et al. [8] demonstrated a green
light laser beam with a wavelength of 531 4+ 1.8 nm from a
nanowire. Although not specifically emphasized, the width of
the beam from the nanowire is estimated to be not larger
than 50nm based on the results in Fig. 3 of Nakayama
et al. [8]. Also, Oulton et al. [9] reported an experimental
demonstration of nanometer-scale plasmonic lasers, generat-
ing optical modes 100 times smaller than the diffraction
limit. Although the field amplitude and phase distribution of
these thin beams are not currently well known, these reports
already have declared that the conventional diffraction limit
that prevents the width of light beam from being smaller
than one half wavelength has been broken by their novel
laboratory experimental results. Therefore, a practical meth-
od to establish a laser beam whose radius is in the order of
one tenth of a wavelength already exists. Since these highly
localized lasers are beyond the diffraction limit, the refraction
of these narrow beams may be significantly different from
that of a conventional beam, and the most fundamental law
of refraction, Snel’s Law, may not be obeyed.

2. Method

In this study, the refraction of narrow light beams is
calculated by the three-dimensional (3D) finite-difference
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time-domain (FDTD) method [10-14]. The FDTD techni-
que is used to calculate electromagnetic fields in the
time domain by directly solving the finite-differenced
Maxwell’s equations. The electromagnetic properties of
the media are specified by assigning the permittivity,
permeability, and conductivity at each grid point of the
FDTD mesh. A time-stepping iteration is used to simulate
the field variation with time. Since the phase and
amplitude distribution within the reported thin lasers
are not known currently, the incident light beam is
assumed to be simply a continuous wave with a Gaussian
profile, i.e. its field amplitude is modulated by a Gaussian
distribution factor circularly symmetric to the central axis
of the beam:

A=exp {_ <§)z] M

where d is the radial distance from the central axis of the
beam, and ¢ is a constant radius at which the field
amplitude drops to 1/e of its central value. The accuracy of
the FDTD results depends on the spatial cell size. To
ensure a highly accurate numerical result, the spatial cell
size of the FDTD is set to be 1/60 of the incident
wavelength and the time step is 1/2 of the time that the
wave can travel through a single cell in free space.
The computational domain is illustrated in Fig. 1, which is
the xoy cross-section of a 3D space and is truncated by an
absorbing boundary [14-16]. In this illustration, the beam
propagates from free space to a material with a refractive
index of 3. The central axis of the beam passes the central
point of the material interface at an incident angle of 45°.
The beam is a polarized wave with the electric field vector
parallel to the xoy plane and perpendicular to the
propagation direction.
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Fig. 1. Illustration of a continuous wave beam incident on a smooth
material surface at 45°. The refractive index of the material space is 3.
The xoy plane is a cross-section of the 3D FDTD computational domain
which has 90 x 90 x 90 FDTD cubic cells. The absorbing boundary is 6
cubic cells in depth.

3. Results

Fig. 2 shows the electric field intensity (|E|*) at the 900th
time step of the FDTD simulation. The electric field intensity
is normalized by the incident electric field intensity along
the central axis of the incident beam. The beam width (2a)
is 1 incident wavelength. We can see the beam in Fig. 2 has
a strong refraction within the material, which is very close
to what is predicted from Snel’s law even though the beam
is quite narrow. However, when the beam width is set as 2/
5 of the incident wavelength, as shown in Fig. 3, the beam
diverges into two branches, one beam traveling along the
original incident direction and the other beam traveling in a
different direction. Most interestingly, when the beam
width is set to be 1/5 of the incident wavelength, as
shown in Fig. 4, the surface no longer refracts the beam, and
the wave continues to propagate in its original incidence
direction. This is definitely a case beyond Snel’s law.

That Snel’s law is not obeyed for very narrow beams
should not be a surprise when we consider that refraction
can be thought of as an interference phenomenon in
which destructive interference of all the wavelets along
the infinite surface removes all but the light that travels in
compliance of Snel’s law. In the case of a nano-beam, this
destructive interference does not exist, so the beam
retains its original direction of propagation.
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Fig. 2. The electric field intensity (|E|?) at the 900th time step of the

FDTD simulation for a system illustrated in Fig. 1. The beam width (2¢6) is
1 incident wavelength.
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Fig. 3. Same as in Fig. 2, but for a beam width (20) of 2/5 incident
wavelength.
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Fig. 4. Same as in Fig. 2, but for a beam width (20) of 1/5 incident
wavelength.
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Fig. 5. Same as in Fig. 2, but for a Bessel-shaped beam with a central
spot of ~1/5 incident wavelength.

Since the phase and amplitude distribution of the thin
lasers are not reported in [8,9], we assumed the incident
light beam to be simply a continuous wave with a
Gaussian profile in this study. This may not be true for
the nature of the reported nanometer lasers. However, we
believe that the non-refraction phenomena of the thin
lasers are mainly determined by the beam size. Whether
the assumed Gaussian-profiled plane wave beam is
practical or not does not affect the conclusion in this
report. To strengthen this idea, we tested an incidence
with radial intensity distribution as a Bessel-shaped beam
[17], which is a strong narrow central beam circled by
weak concentric rings. The Bessel-shaped beam can
propagate without being subjected to diffractive spread-
ing. Fig. 5 shows the electric field intensity (|E|?) at the
900th time step of the FDTD simulation with the
incidence of Bessel-shaped beam. The central peak of
the beam is set to be ~1/5 of the incident wavelength. We
can see that the narrow central mode enters the material
space without refraction either.

4. Conclusion

The refraction of a localized narrow beam is significantly
different from that of a plane wave. For reported nanometer

beams as in [8,9], geometric optics laws including Snel’s Law
should be violated. As the width of a light beam is smaller
than about one fifth of the wavelength of the incident light,
finite-difference time-domain simulations demonstrate that
refraction becomes negligible. The result reveals novel
features of nano-beams. However, in an asymptotical case
of an extreme narrow beam, the incidence approaches a
light point source situated on the interface. The total
electromagnetic field should be quite different from the
patterns shown in Figs. 2-5. In such a case, the concepts of
the beam propagation direction inside a medium and Snel’s
Law become invalid.

As progress in nanotechnologies continues, directing
and focusing electromagnetic energy into small regions
will become commonplace. We show that, like many
aspects of nanotechnology, accurate modeling is essential
as our tools and experience gained with macro-scale or
even micro-scale technologies are not adequate. In this
case, we demonstrate that the most fundamental law of
refraction breaks down when the beam width is brought
to the nanometer scale.

References

[1] Videen G. Whose law of refraction? Opt Photonics News
2008;19:15-7.

[2] Mock ], Barbic M, Smith D, Schultz D, Schultz S. Shape effects in
plasmon resonance of individual colloidal silver nanoparticles. ]
Chem Phys 2002;116:6755-9.

[3] Altug H, Englund D, Vuckovic ]. Ultrafast photonic crystal
nanocavity laser. Nat Phys 2006;2:484-8.

[4] Hill M, et al. Lasing in metallic-coated nanocavities. Nat Photon
2007;1:589-94.

[5] Johnson ], et al. Single gallium nitride nanowire lasers. Nat Mater
2002;1:106-10.

[6] Duan X, Huang Y, Agarwal R, Lieber C. Single-nanowire electrically
driven lasers. Nature 2003;421:241-5.

[7] Zimmler M, Bao ], Capasso F, Miiller S, Ronning C. Laser action in
nanowires: observation of the transition from amplified sponta-
neous emission to laser oscillation. Appl Phys Lett 2008;93:051101.

[8] Nakayama Y, Pauzauskie P, Radenovic A, Onorato R, Saykally R,
Liphardt J, et al. Tunable nanowire nonlinear optical probe. Nature
2007;447:1098-102.

[9] Oulton R, Sorger V, Zentgraf T, Ma R, Gladden C, Dai L, et al.
Plasmon lasers at deep subwavelength scale. Nature 2009;461:
629-32.

[10] Yee K. Numerical solution of initial boundary value problems
involving Maxwell's equation in isotropic media. IEEE Trans
Antennas Propag 1966;AP-14:302-7.

[11] Taflove A. Computational electrodynamics: the finite-difference
time domain method. Boston: Artech House; 1995.

[12] Sun W, Fu Q, Chen Z. Finite-difference time-domain solution
of light scattering by dielectric particles with a perfectly
matched layer absorbing boundary condition. Appl Opt 1999;38:
3141-51.

[13] Sun W, Loeb N, Fu Q. Finite-difference time domain solution of light
scattering and absorption by particles in an absorbing medium.
Appl Opt 2002;41:5728-43.

[14] Sun W, Pan H, Videen G. General finite-difference time-domain
solution of an arbitrary EM source interaction with an arbitrary
dielectric surface. Appl Opt 2009;48:6015-25.

[15] Gedney S. An anisotropic perfectly matched layer absorbing media
for the truncation of FDTD lattices. IEEE Trans Antennas Propaga
1996;44:1630-9.

[16] Sacks Z, Kingsland D, Lee R, Lee ]. A perfectly matched anisotropic
absorber for use as an absorbing boundary condition. IEEE Trans
Antennas Propaga 1995;43:1460-3.

[17] Durnin J, Miceli J, Eberly ]. Diffraction-free beams. Phys Rev Lett
1987;58:1499-501.

j.jgsrt.2010.03.009

Please cite this article as: Sun W, et al. Beyond Snel’s law: Refraction of a nano-beam of light. JQSRT (2010), doi:10.1016/



dx.doi.org/10.1016/j.jqsrt.2010.03.009
dx.doi.org/10.1016/j.jqsrt.2010.03.009

	Beyond Snel’s law: Refraction of a nano-beam of light
	Introduction
	Method

	Beyond Snel’s law: Refraction of a nano-beam of light
	Results
	Conclusion
	References


